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ABSTRACT: We consider Nambu-Poisson 3-algebras on three dimensional manifolds M3,
such as the Euclidean 3-space R?, the 3-sphere S? as well as the 3-torus 7°. We demonstrate
that in the Clebsch-Monge gauge, the Lie algebra of volume preserving diffeomorphisms
SDif f(Ms) is identical to the Nambu-Poisson algebra on M3. Moreover the fundamental
identity for the Nambu 3-bracket is just the commutation relation of SDif f(Ms). We
propose a quantization prescription for the Nambu-Poisson algebra which provides us with
the correct classical limit. As such it possesses all of the expected classical properties
constituting, in effect, a concrete representation of Nambu-Lie 3-algebras.

KEYWORDS: p-branes, Non-Commutative Geometry, M(atrix) Theories, M-Theory].

© SISSA 2009


mailto:axenides@inp.demokritos.gr
mailto:mflorato@phys.uoa.gr
http://jhep.sissa.it/stdsearch

Contents

=

Introduction

=

On classical Nambu dynamics in 3-D phase space and its quantization [

1]

Nambu-Poisson 3-algebras

= =

Volume preserving diffeomorphisms in the Clebsch-Monge gauge and
Nambu flows in R3

Vortices in the Clebsch-Monge gauge and their topology in R?

=

=
[

The quantization of Nambu dynamics in 3-d phase space

=
El

Nambu-Lie 3-algebras and the quantization of the 3-bracket

&

Conclusions-open problems

[ Q0]

1. Introduction

Recently the Nambu-Lie (NL) 3-algebras [I]-[J] have been in the focus of interest since
they appear as gauge symmetries of new superconformal Chern-Simons non-abelian theo-
ries in 2 + 1 dimensions with the maximun allowed number of N = 8 linear supersymme-
tries. [|-[. These theories explore the low energy dynamics of the microscopic degrees of
freedom of coincident My branes and constitute the boundary conformal field theories of
the bulk AdSy x S; exact 11-dimensional supergravity backgrounds of supermembranes [g].
These mysterious new symmetries, the NL 3-algebras represent the implementation of non-
associative algebras of coordinates of charged tensionless strings, the boundaries of open
M branes in antisymmetric field magnetic backgrounds of M5 branes in the My — M5
system []. The NL 3-algebras are either operator or matrix representation of the classi-
cal Nambu-Poisson (NP) symmetries of world volume preserving diffeomorphisms of M
branes [I(]. Indeed at the classical level the supermembrane Lagrangian, in the covariant
formulation, has the world volume preserving diffeomorphism symmetry SDif f[Mai1].
The Bagger-Lambert-Gustaffson 3-algebras presumably correspond to the quantization of
the rigid motions in this infinite dimensional group, which describe the low energy excita-
tion spectrum of the Mo branes [LT].

In the light-cone (LC) gauge, the membrane symmetries reduce to the area preserv-
ing diffeomorphisms of the membrane surface and the matrix truncation of this infinite



dimensional group by SU[N] [[L32, provided a basic ingredient for the Matrix-Model
proposal [L4].

In ref. [I5 the SU(N) truncation, was interpreted in terms of the matrix algebra of
finite quantum mechanics on a discretized membrane surface (discrete non commutative
phase space). So one naturally could ponder about the existence of a discretized membrane
world volume of 2+ 1 dimensions and a Matrix model on it as the finite quantum mechan-
ics in three dimensions. Three dimensional classical phase spaces may arise in Nambu
mechanics [[]] with the ensuing subtle issues of its quantization [f, [ld-[L9].

Apart from the My brane dynamics, the 3-d volume preserving diffeomorphism group
appears as the basic symmetry also in the LC gauge Hamiltonian of p = 3 superbranes [@],
where all the interaction terms are expressed in terms of the Nambu 3-bracket.

In ref. we exploited the NP 3-algebras to find explicit rotating, rigid body (lowest
energy), solutions of LC S® and T branes in toroidally compactified higher dimensional flat
spaces. A Matrix Model analog of these solutions and more generally for the LC dynamics
for p = 3 branes is lacking. We would like to notice at this point the Matrix model that
ref. 21 has proposed under the name “Tiny Graviton Matrix Model” for spherical (fuzzy
S3) Ds branes, as well as the construction of fuzzy S3 spheres [P3).

A completely new and radical approach has been taken by the advocates of cubic matrix
algebras which presumably discretize consistently three dimensional manifolds in a similar
way that usual two-index matrices discretize surfaces. This direction is interesting by itself
but the difficulties seem to be both intriguing and challenging at the same time [R3, R4].

The most mathematically complete quantization scheme for the Nambu 3-bracket up to
now is by ref. [2§] where an algebraic topological quantization, the Zariski * quantization
and variations thereof, has been proposed, but the algebraic complexity of the scheme
seems to hide important physical and geometrical aspects of the problem. All the other
present proposals are violating, in general, the basic properties of the 3-bracket such as
Leibniz and the Fundamental Identity [fJ]. For a critical and rather complete discussion
of the state of art we refer to ref. [If] and for general perspectives of the quantization of
Nambu mechanics see ref. [[9].

In this work we will exploit the relation of the classical Nambu-Poisson algebra in
euclidean 3-d spaces (M3 = R3,S3, T3, or 3-manifolds embeddable in R*) with the volume
preserving diffeomorphism algebras SDif f(M3). Moreover we shall propose a consistent
quantization prescription which offers a concrete realization of the Nambu-Lie 3-algebras
on these spaces.

In section 2 we are going to review the problem of quantization of Nambu mechanics.

In section 3 we shall discuss the basic properties of NP 3-algebras which correspond
to particular cases of 3-manifolds and pertain to Nambu mechanics.

In section 4 we will present the Lie algebra of volume preserving diffeomorphisms
SDif f(R?) in the Clebsch-Monge gauge, their relation with the NP 3-algebras on R3
as well as on 7 and Nambu mechanics, which can be represented as flow equations of
incompressible fluids.

In section 5 we will discuss the role of Clebsch-Monge gauge in the case of a non-trivial
topology which is present in Nambu flows with vortices.



In section 6 we will propose a new quantization scheme for the Nambu mechanics which
posseses naturally the correct classical limit.

Finally in section 7 we quantize particular Nambu-Poisson 3-algebras consistently
with the classical properties of a) complete antisymmetry b) Leibniz and ¢) Fundamental
Identity.

The proposed quantization prescription is based on the intuitive idea that at each
point of a 3-space the volume element (Nambu 3-bracket) is defined by a triple family of
coordinate surfaces. In an analogous way the quantum volume element should be defined by
a triple family of intersecting fuzzy coordinate surfaces. The resulting quantum 3-algebras
provide concrete realizations of Nambu-Lie 3-algebras.

2. On classical Nambu dynamics in 3-D phase space and its quantization

Nambu in his classic paper [] introduced new dynamical systems with arbitrary even
or odd dimensions of ”phase space” possessing as fundamental symmetries the volume
preserving diffeomorphism group in the place of symplectic diffeomorphisms [f, [[§, 6.
The new equations of motion in the phase space M = R™ are analogous to Hamilton-
Poisson equations as follows:

dxz’ ,
dt :{xl’Hb'"an—l}v (21)
where the n-bracket is defined as:
{f17 Tt 7fn} = eilminailflaizfé e alnfn ) (22)
for any functions fy,---, f,, € C®°(R"™) and i1, ,i, = 1,---,n.
The n-1 "Hamiltonians” Hi,---, H,_1 determine the phase-space trajectory in a ge-

ometrical way. There is also a corresponding Liouville equation for any observable f €
C>=(R"),

df _ qie i
E:(‘)fx :{f,Hl,"',Hn_l}. (23)
The n-1 Hamiltonians are conserved in time. Given the initial position in the phase-space

zl = 2'(t = 0) they take the values
Rt = H;(zo) ; i=1,2,---,n—1. (2.4)
The intersection of hypersurfaces
Hi(z) =h' ; i=1,---,n—1, (2.5)

gives the geometrical shape of the trajectory passing through the point zo € R™ [[Lf].
This is the reason why the Nambu 3-d dynamical system is regarded as a toy model for
completely integrable systems. The basic properties of the n-bracket are:

1) Linearity

{afi + B, fo, -, fu} = ol f1, fo, - fud + B{91, fo, - fn} (2.6)



2) Antisymmetry

{foy, s fomyt = (D)7 f1,--+, fa} .0 € Sn. (2.7)

3) Leibniz Rule

{f’g7f17"'7fn}:f{gvf27"'7fn}+{f7f27"'7fn}g' (28)

To the above we must finally add an extension of the Jacobi identity for the Poisson
brackets, i.e. the Fundamental Idcentity(FI)

{{flv"'7fn}7fn+17"'7f2n—1} = {{flvfn—l—la"',f2n—1}7f27"'7fn}+
S faat oo fona b f300 0 fud
+o S e A fars s fonmrh, (2.9)

for (fi)i:1,2,m,2n—1 S COO(Rn)

The FI can be proved directly either through the use of the definition of the n-bracket
or by following up the time evolution of the observable {fi,---, f,} on the phase - space
trajectories with respect to the Hamiltonian Hy = fi4+1,- -+, Hn—1 = fon—1. This identity
guarrantees the fact that if (f;)i=1,..., are each seperately conserved quantities, then the
observable {f1,- -+, fn} is also conserved. It is this property that becomes an obstacle to the
quantization of Nambu Dynamics. We would like to have a Heisenberg-Nambu extensions
of the Heisenberg quantum mechanical eqs:

_dzt

= &', Hy,-- H,_ 2.1
ih dt [33, 1 ) 1]7 ( 0)

where we pass from the classical position vector (wi)izlv...,n, classical ”Hamiltonian”
(H;)i=1,-n—1 and the Nambu-Poisson n-bracket(2.2) to their corresponding quantum op-
erator versions (2*)i=1....n, (H;)i=1,..n—1, and Nambu-Lie n-commutator (2.10) [I, fj. All
proposals to date for the n-commutator or the Quantum Nambu bracket fail, in general, to
satisfy both the Leibniz rule and the FI, which are crucial for the consistency of the time
evolution (2.10). It is also significant that most of them, also fail to reproduce the correct
classical limit. In ref. [[d] there is a detailed discussion of the problem along with a spe-
cific resolution through the adoption of different time evolutions for different superselection
sectors of the Hilbert space.

Nambu proposed to abandon the Leibniz property and the FI (i.e. to abandon consis-
tency with unique time evolution, Liouville eq.) and insist on the linearity and antisymme-

try properties. More specifically for any n operators (F;);j—12,...,» he proposed the definition

[Fr, o Bl = > (-1)7F, - F,,. (2.11)
UGSTL
For even n = 2,4,-- -, there are interesting identities which reduce the r.h.s. of eq. (2.11)

into products of all commutator pairings [Fan, Fam], which qurantee the correct classical



limit. For odd values n = 3,5, -- -, this property does not hold. One way to go, is to adopt
an ”odd-even” reduction through the use of fixed operators Fy and define:

[Fi, - Fopn] = [Fo, Fiyeo s Fogga) (2.12)

In the next section we present explicit constructions of Nambu-Poisson algebras for the
case n = 3, i.e. for three dimensional manifolds and especially for R3, 53 T3 as well as for
3-d manifolds embeddable in R* by level set Morse functions.

3. Nambu-Poisson 3-algebras

Nambu-Poisson (NP) algebras have been introduced in ref. [[f]. We consider generalized
Nambu 3-brackets on n dimensional manifolds M,, which are defined through a 3-index
antisymmetric tensor field w*(x) for x € M,,,i,5,k =1,2,---,n

{f,9,h} = W% (2)0" fI gO"k. (3.1)

We observe that linearity, antisymmetry and the Leibniz rule are satisfied by definition.
We shall impose further the Fundamental Identity on the tensor field w. For f = 2!, ¢g=
27, h = z¥ we have the Nambu-Poisson 3-algebras for the coordinates

{xiwxjaxk} :wwk(x) ) i7j7k = 1,"',71. (32)
The FI imposed on the coordinate functions is:

{{xi,xj,xk},xl,xm} = {{xi,xl,xm},xj,xk}

or by using (3.1-2)
WPm Pk — PIkgP M Pk gp,dtm kg ktm oy G Gk Lm = 1,2, 0. (3.4)

For a smooth manifold M,, of dimM = n, which is equiped with a non-degenerate 3-form
w and satisfies (3.4), it can be shown that this condition is too strong. In fact n must be
restricted to be n = 3 [B7. It is identified as "the indecomposability” condition for the
Nambu 3-tensor w. As a further unexpected refinement we can choose locally coordinates
on the 3-manifold M3 so that

ijk _ cijk

w : i k=1,2,3 (3.5)

is the R® Nambu form. If Ms3 possesses a metric with a volume element /g then the
typical form of the Nambu tensor takes the form
o ciik
{at 27, 2F) = . (3.6)
V9

Relation (3.5) is analogous to the existence of local coordinates in symplectic manifolds

with /g =1 [Pg].




In order to construct non-trivial examples of 3-algebras we follow the crucial obser-
vation of L.Takhtajan that the Nambu n-brackets in R™ rel.(2.2) create a tower of lower
dimensional brackets of order n — 1,n — 2, - - - on submanifolds which are embedded in R".
In order to be more specific, let us consider a smooth 3-Manifold M3 embedded in R*
through a level-set function (Morse function):

h(z!, 22, 23, 2%) = ¢, (3.7)

with ¢ € R fixed. Then by using the FI in R*(n = 4 in rel. 2.9 ) we can check that the
3-bracket on R*
Wk = iklglp, i,j,k1=1,23,4 (3.8)

satisfies the FI rel.(3.4) with n = 4. For example if h is a linear function
h(z!, 22, 23, 2%) = afa® | 1=1,2,3,4, (3.9)
then we obtain the constant Nambu-Poisson(NP) 3-algebras:
{af, 27, 2%} = €Ml o ik 1=1,2,3,4. (3.10)
If h is a quadratic function, representing the sphere S® C R*
h==(2")? (3.11)
then we have the linear Nambu-Poisson 3-algebra
{2,207 2k} g5 = €Ml i,J, k1l =1,2,3,4. (3.12)
We observe that the most general NP 3-algebra rel.(3.8)
{at 27 2*Yy, = Moln 1,5,k 1=1,2,3,4, (3.13)

has h as Casimir
{227 h}, =0 ; i,j =12,3,4, (3.14)

and the 3-form w**(3.7) is thus degenerate and we bypass Gautheron’s theorem [27]
wkokp =0 ; i, 5,k =1,2,3,4. (3.15)

Restriction of the algebra (3.13) on the surface (3.7) gives a non-degenerate 3-form
wk i 5.k =1,2,3 which satisfies the F.I..

Let us now proceed to present three examples of 3-algebras such as R3, 53 and T°.
Starting out with R? the 3-algebra of coordinates is:

{2, 27 2P} = TP i,7,k=1,2,3. (3.16)

By using the Leibniz property we can write down the algebra for the monomial basis

" = ot wy?xy? ny,no,ng =0,1,2,-+-, (3.17)
{x",xm,xl} —n- (m > l)xn+m+l—(1,1,1)' (318)



For the 3-torus T the algebra for the periodic function basis:

en = ein~:c , (319)
with n = (n1,n2,n3) € Z3 and = = (21,72, 73) € (0,27)3 is given by [1§, 0, 1, BJ]
{en,em ey = —in- (m x Deppmer ;3 n,m,l € Z5. (3.20)

For the case of a sphere S3 [, B, rel.(3.12) we use polar coordinates to project on
the surface:

et = costs
e3 = cosbysinbs
¢ = sinfysinfysinbs (3.21)
el = costysinBysinbs ,
0, € (0,271'),92,93 S (0,7‘(’)
o 1 . . g
{el’eﬂ7ek}sg = meqrsaeqezaereyagsek — ikl gl (3.22)

By using the Leibniz property 3-algebra on S? it is possible to write down explicitly, for a
basis of hyperspherical harmonics the corresponding NP S2 3-algebras,

Yo(Q) = Yaum(03,02,01) 5 a=(nlm), m=—Il,---,0 ,1=0,---,n—1, (3.23)
{YOUY,BaY’y} = foégﬁny(Su (324)

where fgﬁv can be expressed in terms of 6j symbols of SU(2) (O(4) ~ SU(2) x SU(2)). For
volume preserving diffeomorphisms of S2 the usual commutators have been worked out
with vector spherical harmonics in ref. [R].

In the rest of this section we shall apply the induction procedure to get a simpler
geometrical meaning for the 3-brackets of the Nambu Dynamics in R3( similarly for 7°

and/or S3 ). In this case evolution eqs. are controlled by two Hamiltonians Hy, Hy €
C>(R?) and are given by

dx?
dt
where the Poisson brackets {Hy, Ha}; are:

={Hy, Ha}; ; 1=1,2,3, (3.25)

{Hy, Hy}; = €% H 0 Hy i=1,2,3. (3.26)

Essentially we have three pairs of canonical variables (x'z?), (z223), (z32') with coupled
evolution eqs. It is possible to bring them into the usual Hamilton’s eq. as follows. We
choose one "Hamiltonian” say Hs to describe the geometry of a two dimensional phase-
space embedded in R3, Hy(x) = C and we write:

dxt

7 = {2', H}y, ; i=1,2,3, (3.27)




where we applied the reduction of the Nambu 3-bracket to a Poisson bracket
{f.9}m, = €70 f0"90' H>. (3.28)
By using the Fundamental Identity for n = 3 we obtain

{{fa Q}H27 h}Hz + {{97 h}Hzaf}Hz + {{ha f}Hzag}H2 =0, (329)

the Jacobi identity for {, }m,.
In order to get a consistent evolution for the coupled coordinates z¢, i = 1,2, 3(eq.
3.26) we must impose at t = 0 the Poisson bracket algebras of the three coordinates

(o, 2y, = €9F0FHy 05,k =1,2,3. (3.30)
We observe that since Hj is a conserved quantity, the evolution eq. (3.27) preserves (3.30)
in time.

For Hy we choose a Hamiltonian describing the dynamics on the 2-dim. phase-space
Hs(x) = c. Had we chosen H; as the phase-space defining function then:

dzt
dt

We get the time reversed evolution if we impose the Poisson algebras

= {2', Ho} g, = —{a', Hi Yy, ; i=1,2,3. (3.31)

{27} g, = €9FO% Hy, (3.32)

on the surface Hq(z) = ¢/. The above interpretation of Nambu dynamics will provide the
basic tool for the proposed quantization in section 6.

In the next section we shall connect Nambu dynamics in R? with flows SDif f(R?)
and the NP 3-algebras with the infinite dimensional Lie algebras of SDif f(R3).

4. Volume preserving diffeomorphisms in the Clebsch-Monge gauge and
Nambu flows in R?

Since the famous paper by V.Arnold [B(] where he proved that the solution of the Euler
egs. for perfect (incompressible and inviscid ) fluids [B1] are the geodesics of the infinite
dimensional volume preserving diffeomorphism (VPD) group, there have been many de-
velopments. In ref. B the symplectic structure discovered by Arnold was further studied
and a Hamiltonian formulation of the problem was proposed [BJ].

Here we will focus in the description of SDif f(R?), in a particular gauge, the Clebsch-
Monge gauge, thus establishing the connection with Nambu Dynamics (flows) in R3. Our
discussion easily extends to three dimensional manifolds with a metric and a smooth Nambu
tensor field.

Let A = C*(R?) be the space of smooth functions on R? and G = SDif f(R?) be the
set of smooth maps of R? — R? with the determinant of the Jacobian at each point of R?
equal to one, i.e.

J(f)(z) = det]d' f;(x)] = 1 ; i,j=1,2,3. (4.1)



This set forms a group under composition of functions:
GxG3(f,9) = fogeg, (4.2)
and the adjoint action of is defined as:
Adglf]=fog™t ;  Vfgeg. (4.3)
The elements of the Lie algebra £(G) are:
fiz) = 2" +v'(x) ; i=1,2,3, (4.4)

with @0’ = 0. We will impose conditions at infinity for v*(x):

|z| =00

vi(z) =0 ; i=1,2,3, (4.5)

such that the total kinetic energy is finite (density constant):
1
E = 5/ Bz v (z) < +oo. (4.6)

For any infinitesimal element (4.4) we define the flow:

dzt

7 =v'(x) ; i=1,2,3, (4.7)

with initial conditions 2! = 2*(t = 0). eq. (4.7) describes the motion of a particle which is
immersed in a fluid of given stationary velocity field at the point x¢, at t = 0.
We can also define the fundamental representation of G on the space A = C*®°(R3):

Ty(a) =aog™? a € A. (4.8)

By expanding for infinitesimal g:

g'(z) = 2" +'(x) ; i=1,2,3, (4.9)
we get the action of generators
X(v)a = —v'd'a, (4.10)
with a Lie algebra:
(X (u), X (v)] = X(w), (4.11)
and composition law
w=(u-0)v—(v-0)u=209x (uxwv). (4.12)

Rewriting the flow eqs (4.7) via the use of the generators we get
i =—-X(v) 2" (4.13)

We can integrate the equations of motion as:

zi(t) = et X (we) g (4.14)

0

with v, = v(z,).



After these basic preliminaries we introduce the Clebsch-Monge gauge [B3—Bg]. For
every divergenceless vector field (v'(x));—123 € R3, with boundary conditions of rel.(4.6)
we can find a vector potential A’(x) such that v’ = ¢¥¥37 Ak, Given Ai(z) Clebsch and
Monge introduced three scalar potentials a, 3,7 € C*°(R?) such that:

A" = d'a + 0. (4.15)

So finally we get
vi(z) = €% 3ok (4.16)

The scalar function a(z) becomes the gauge degree of freedom of A%(z). From the last
relation we see that the intersection of the surfaces 8 = const.,v = const. define locally
the flow lines. The existence of the scalar potentials (3,~(Clebsch-Monge potentials) is
gurranteed locally if v’(z) is an analytic function in the region of a point say z' =0, i =
1,2,3. Then there exists two integrals of motion of the flow equation:

dzt
v'(z)

=dt ; i=1,2,3, (4.17)

f(x) , g(x) through which we can determine  and 7. The flows are characterized also by
their vorticity
wi(x) = kIR i,j,k=1,2,3. (4.18)

In case w' = 0 the gradient flow v° is:
vt = —9'P ; i=1,2,3, (4.19)

where ® must be a harmonic function(Laplacian flow).

In this case the surface ® = const. is orthogonal to the surfaces 8 = const. and
v = const. There are computer simulation studies of the flow eqs. for velocity fields
general quadratic polynomials in the coordinates imposing zero radial motion on a sphere
of radius R

For various ranges of the polynomial coefficients one recovers chaotic flow as well as stan-
dard forms of flow modes [BY.

Going back to rel (4.16) the generators of the flow , in terms of the Clebsch-Monge
potentials, become

X(8,7) = X (98 x 9y) = —7%57 30"y, (4.21)

The action of X(3,7) on a smooth function o € C*®(R?) is:

X(B,7)a = —{a, 8,7}, (4.22)

the Nambu bracket of a, 3,7. The flow eq. (4.7) becomes

it = {2, 8,7} ; i=1,2,3, (4.23)

— 10 —



and so the Clebsch-Monge potentials of the flow are just the two Hamiltonians H; =
B, Hy =~ of the Nambu dynamics. We conclude that the flow equations of incompressible
fluids can be described by Nambu dynamics and vice versa. By considering now the
commutation relations (4.11-4.12) in the Clebsch-Monge gauge we obtain:

[(X(B1,m), X(B2,72)] = X({B1,71, B2}, v2) + X (B2, {B1,71,72})- (4.24)

Acting both sides of the CR(4.24), on functions a € C*°(R?) we get the FI:

{51,717 {ﬁ27727 Oé}} - {ﬁh/ylv {ﬁ27727a}} = {{617717ﬁ2}7/}/27a} + {ﬁQv {ﬁl/}/lv’yQ}v OZ}.
(4.25)

We observe that all the information of the CR of SDiff(R?) is contained in the NP 3-
algebra for a basis of functions in R3. Indeed if (f,)acs is a basis with index set S, then if
we know the structure constants of the 3-algebra , fgﬁv

{farfo. 3} = Fasnfss @ B,7,0 €8, (4.26)
then we can construct the Lie algebra structure constants for the generators
X((Lﬁ) = _{foufﬁa} ; Oé,ﬂ €S (427)

and commutation relations

[X(al,ﬁ1)7 X(O‘Q 7162)] = f(;/151042X(%52) + f(;{15152X(a2 77)' (428)

Since later we shall need the case of linear or quadratic Hamiltonians, we give explicitly
the construction of the corresponding NP 3-algebras. If both Hamiltonians are linear , i.e.
Hi=a-xz, Hy=b-z, a,be R?then the flows

X(a,b) = €*Y HI OV Hyd' = (a x b)'0 ; i, 5, k=1,2,3, (4.29)

represent translations along the direction a x b(constant laminar flow).
If one is linear and the other is quadratic such as Hy = ax, Hy = %xBx with o € R3
and B a real symmetric 3 x 3 matrix then:

X(a, B) = éka) B¥ 29t = (Az)'0" 0,5,k =1,2,3, (4.30)

with
A — klgk Bl ikl =1,23. (4.31)

It corresponds to a linear flow with an axis of symmetry a € R3. Finally if both Hamil-
tonians are quadratic: Hy = %a;Ba;, Hy, = %me with B,C real symmetric 3 x 3 matrices
(Quadratic flow):

X(B,C) = kpilghmglymyl = A;ksznk@i (4.32)
L = €emBHCTmE, (4.33)

We denote by Le(M), Le(M), Lo(M) the constant, linear and quadratic flows respec-
tively. It is easy to check that the commutator of elements of Lo(M) generate cubic
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flows. Hence only the sets Lc(M), L-(M) close by themselves under commutation. The
associated commutation relations are:

[X(CL, b)? X(C, d)] =0, (4.34)
[X(a,b),X(c,B)] = X((¢ x B)-(a x)), (4.35)
and
[X(a,A),X(b,B) =X(b,B-(axA)—X(a,A-(bx B)), (4.36)
where
(a x A = ¢lkgl gk i, 7,k 1=1,2,3. (4.37)

We proceed now to write down the CR of SDiff(R?) in the basis of plane waves
from which we can generate the CR of any other basis of C*°(R?). We employ linearity
and Fourier transforms in order to consider the algebra of the exponential function e, =
et o € R3(If a € Z3 we get the torus T° basis). The generators on this basis are:

Xap) = earplaxp)-0 ;5  a,feR, (4.38)
and we obtain:
{easep,eqt = —X(ap)y = —i(a X B) -7 eatpiq, (4.39)
so that
(;B'y = (—1)(a x B) - /756—05—6—’}/7 (4.40)

for a, 3,v,e € R3. The Lie algebra of SDif f(R?) on this basis becomes:

[X(alﬁl)’X(amﬁQ)] =iy X f1) - a2X(a1+ﬁ1+a2,52) +i(on X B1) - /82X(a27al+51+,52)’ (4.41)

We close this section by the construction of the SDif f(Ms) Lie algebra for a three
dimensional manifold M3z which can be embedded in R* through a level set function
h(x) = const., Vz € R*. For divergence free flows in R? |

0"v* =0 ; a=1,234, (4.42)
there exist three Clebsch-Monge potentials «, 3, such that:
v = e®9P0d°B0% ;  a,bc,d=1,2,3,4. (4.43)

In order to define the incompressible flows on Ms we consider the subset of flows on R*
with v = h. Then we set for the generators of the flow:

Xn(a, B) = 19 0d°a%hd* a,byc,d=1,---,4. (4.44)

For fixed h this defines a Lie subalgebra of SDif f(R*) since X} (a, 3) leaves invariant the
manifold Mz C R* that is the flow is parallel to Ms for points x of Ms. The resulting
subalgebra is:

[(Xn(a1, Br), Xn(az, B2)] = Xp({on, B, a2 }n, B2) + Xp (g, {a1, B1, B2 }n), (4.45)
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with
{o, 8,7} = €0°0dBO"70" N, (4.46)

the induced 3-bracket from R*. Projecting on the manifold M3 we get the CR of
SDif f(Ms). Projection in our present context implies the restriction of all functions
ai,az, B, f2 € C®(R*) on the surface h(z) = const.. Since the generators X, (a, 3) pos-
sess the Leibniz property with respect to aq,as, 3 € C°(R*)

Xp(oa, az, B) = a1 Xp(az, B) + aa Xp (a1, B), (4.47)
it is enough to consider the CR only on the coordinate functions z* , a=1,2,3,4
[(Xp (2%, 2%), X5 (€, 2Y)] = Xp ({22, 2% 2%, 29) + X, (2€, {22, 2P, 2%}, (4.48)

where a,b,c,d = 1,2,3,4. Using the relation {z?,2°, 2°} = €“19¢h we obtain:
(X3 (2%, 2%), X5 (2€, 2D)] = e X3 (' h, 2?) + e Xy, (2°,0'h). (4.49)

If it is possible to solve parametrically the level-set eq. with smooth coordinate functions
on Mj:
% = 20, €2,63) a=1,2,3,4, (4.50)

we obtain the Lie algebra of SDif f(Ms) from eq. (4.41) for the coordinate function on
Ms. For example, if h is a quadratic surface in R*:

1
h= §x“M“bxb : a,b=1,2,3,4, (4.51)
where M? is a symmetric 4 x 4 real matrix. For a,b,¢,d,l,k = 1,2,3,4 we obtain:
(X3 (2%, 2%), X5 (€, 2D)] = e MF Xy (28 28) 4+ UM X, (2, 2. (4.52)

If M is non-degenerate (eigenvalues equal to plus or minus one eigenvalues by diagonalizing
and rescaling) we obtain the Lie algebra of the groups SO(p,q) p+q¢=4, p=1,2,3,4
for the 3-manifolds M5

It becomes obvious from the previous observations that Nambu dynamics can be repre-
sented as incompressible flows in a 3-d manifold M3 and the NP 3-algebras are just the Lie
algebras of volume preserving diffeomorphisms of Mj. It is possible to restrict further the
Nambu flows to the geodesics of SDif f(M?3) so that the flows are solutions of the perfect
fluid Euler equations. In case we need higher dimensional embedding of M3 to a R™ with
n =2-3—1=25in general, we can extend our method to Nambu-Poisson 5-brackets and
restrict with appropriate level set functions hq, ho to the manifold Mz C R5.

5. Vortices in the Clebsch-Monge gauge and their topology in R?

Flows contain topological objects, the 3-d vortices and their interaction is governed by
simple laws discovered by H.von Helmholtz in 1858, Clebsch,Lord Kelvin, Poincare and
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many others [(, {1]]. The topology of the vortex configurations in perfect barotropic
fluids, is captured by the helicity [{J]

_ 1 S i
I= )2 /d xv' (z)w' (x), (5.1)

where the vorticity w’ is defined by:
wi(x) = TRk i,j,k=1,2,3, (5.2)

which is also divergenceless
d'w' = 0. (5.3)

The helicity is a topological invariant of the flow and it is conserved in Euler inviscid
flows. For applications in atmospheric fluid dynamics and condensed matter physics see,
for instance, [iJ] and [E4] respectively.

It is possible to translate the divergenceless condition of the flow (v*(z));=123 to an
algebraic constraint by introducing the nonlinear O(3) unit vector field (n'(z));=1,2,3 such
that n'n’ = 1,(n € S?) [, i§). This is defined as follows (A is a dimensionful constant):

w' = Aeijkepqrnpajnqﬁknr ; i, 5, k,p,q,r =1,2,3, (5.4)

or vectorially
wh = A ¢Fn . (On x n) ; i,j,k=1,2,3. (5.5)

It is easy to check that
W' = det[0'n’] = 0. (5.6)

since (ni),-:172,3 are functionally dependent through n‘n’ = 1. The asymptotic condition
(4.5) gurrantees that

il i e 52, (5.7)
the vector n approaches a constant vector n, as |z| goes to infinity. As a result we have a
smooth map from R? ~ S3 to S?. The Homotopy group of these maps is II3(S?) = Z and
the integer
Hopf invariant of the mapping n : S2 — S? is related to the helicity as:

I = NA2 (5.8)

There is a nice geometrical interpretation of the Hopf integer number N in the flow picture
given by (n'(z))i=1.23-

Consider two fixed vectors ni,ns € S?. For a particular field n(x) € S? let us follow
the two vortex lines n(z) = n;, i = 1,2 for + € R3. Their linking number is precisely N.
The vortex lines either go to infinity or must be closed. If they are open and finite then
N = 0. In what follows we will discuss a particular parametrization of the incompressible
flows which results into a precise definition of the Nambu flows and brackets in the presence
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of vorices. Given the topology of an incompressible flow it is possible to find locally a vector
potential (A%);—123(x):

w' = ki Ak i, 5,k =1,2,3. (5.9)

As discussed before it is always possible to represent an arbitrary vector field A*(Z) through
three scalar potentials «, 3,y

A = 9w + pd' . (5.10)

The potential v is the gauge freedom of rel.(5.11) and p, A are the Clebsch-Monge
potentials, corresponding to the vorticity w'.

We note here the important difference from the usual treatment of Euler flows [BZ]
where the Clebsch potential characterizes the vorticity w? = €7¥97\d* ;i rather than the
velocity flow v* = €597 30~ which is our case of interest. In B A, 1 are canonical field
variables for Kuler flows.

If there is a nontrivial topology in the flow (Hopf number # 0) we can determine
3,7 by patching together the solution of the flow equation in different regions of R®. The
Clebsch-Monge potential, 3 or v are not single valued functions but rather complicated
non-local functions of A, i

The flow is expressed in terms of 8 and v and correspond to Nambu flows with Hamil-
tonians Hy = 8, Hy = 7:

vt = eIk§IBoky i,j,k=1,2,3. (5.11)

It can be shown that if § and « are single valued with the asymptotic conditions for the
velocity field (4.5) then the helicity N = 0. The geometrical intersection of the level surfaces
B=ci,y=co VYeci,c0 € R, determines the flow lines of the velocity field @, implies that
in the case of a non-trivial topology the surfaces 8,y must interwind each other. Hence
it is natural that they are multivalued functions. This statement can be shown explicitly
in terms of the unit vector (n');—; 23 introduced previously. We consider its polar angles
O(z), ®(x)

n = (cos®sin®, sin®cosO, cosO). (5.12)

By calculating w® we find:
W' = A 9 §cos® OFP i,j,k=1,2,3. (5.13)
We see that we can define (set units A=1):
A = c0s0O, (5.14)

and
=, (5.15)

We see the necessity of multivaluedness for A, and therefore of 8 and ~. The target
manifold of 3 and ~ at every space point, in general, may be a compact Riemann surface of
arbitrary genus. The symplectic structure of this space leads to the non-uniqueness of § and

— 15 —



~ in representation of the velocity field. Any area preserving transformation of 3 and v on
this surface leads to the same v’. Representing the vorticity w by Clebsch-Monge potentials
A, i the associated symplectic structure is precisely the Arnold-Marden-Weinstein structure
on the space of functionals of vorticity [B3, [id].

6. The quantization of Nambu dynamics in 3-d phase space

In section 2 we stressed the importance of the properties of the Nambu 3-bracket, such
as a) Leibniz , and b) the Fundamental Identity(FI) for the consistency of the classical
evolution eqs. of Nambu mechanics(NM) in 3-d manifolds. Focusing our discussion on R3
(although it is easily generalizable to 3-manifolds embeddable in R*) our interpretation
of section 3, is that we choose among the two Hamiltonians H; or Hs ! the one which
defines the 2-d phase space geometry embedded in R3, say Ho(x) = C. For various initial
conditions we obtain a foliation of R? into two dim. phase spaces all possessing the same
Poisson algebra of coordinates at t = 0

(X', X'}y, = 750" Hy ; i,j,k=1,2,3. (6.1)
The second Hamiltonian H; defines the dynamics of the motion on the Hy phase-space:
X' = (X" Hi}u, ; i=1,2,3. (6.2)

Since Hy is conserved, for all later times the phase space coordinates satisfy the
same algebra:
{X(t,20), X (t,20)} = €7FOFHS,. (6.3)

We propose an almost obvious quantization rule for NM as follows.
We, firstly, define an associative quantization of the algebra (6.1) promoting the phase
space coordinates X* at ¢t = 0 to hermitian operators with commutation relations (CR):

(X%, X7 = X'XJ - XIX' = 1he* PF(z) ; i,j,k=1,2,3, (6.4)

having as a classical limit

1 e S
lim — (X, X7] "= (X7, X7}, (6.5)

or
lim PF(z) "2° 0FHy(x). (6.6)

If Hy is a quadratic function of the canonical phase space coordinates there is no
ordering problem (linear Lie-algebras). For Hs cubic or higher (non-linear Lie algebras)
there is no unique way to quantize. Nevertheless the polynomials P*(z) , k= 1,2,3 must
obey the following constraints:

a) They must be hermitian operators (e.g. by Weyl ordering of 6% H>)

'In this work we restrict ourselves to the space of polynomials of coordinates for the Hamiltonians
Hy, Hs.
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b) They must satisfy the Diamond Lemma [[i7]. The algebra (6.4) must have a Universal
envelopping algebra U, for which any monomials of X?, (X%)™ (X7)™2(X*)™3 can be
brought using the polynomial commutation relations to a prechosen order such as for
example (X1)™1(X2)n2(X3)s,

This property is necessary for the existence of a basis of ordered monomials of U as

well as for comparisons of Lh.s. and r.h.s. respectively of various identities. This is
analogous to the Poincare-Birkoff theorem, for linear Lie algebras.

¢) They must obey the Jacobi identity
[X17P1]+[X27P2]+[X37P3]:07 (67)
and finally

d) There must exist a Casimir for the algebra (6.4) Hs(h)
(X", Hy(h)] = 0, (6.8)

such that the Classical limit exists and moreover

limHy (k) "=° H,, (6.9)

where Hs is the classical Casimir.

Non-linear Lie algebras have been discussed as deformations of linear Lie algebras (Quan-
tum Groups, W-algebras , polynomial Lie algebras) [@f@]

The cohomological obstruction for x-quantization of polynomial Poisson algebras has
been studied in ref. [F1]. Recently in ref. [fJ] a framework has been proposed for matrix
deformations, corresponding to non-linear Poisson algebras for compact surfaces in R? of
any genus. Explicit constructions, as far as we know, have been given only for deformed
spheres g = 0 and tori g = 1.

Once we have quantized the algebra of phase space coordinates at ¢ = 0 with Casimir
Hy(h) we proceed to introduce the following quantum Nambu-Heisenberg egs.:

ax?

1h dt = [XZ,Hl]HZ(ﬁ) 5 i:1,2,3, (610)

where the commutator on the r.h.s. has to be evaluated with the quantum algebra (6.4).
We observe that since the commutator respects the Leibniz property for any observable F
which is not explicitly dependent on time we obtain the quantum Liouville eq.:

dF (X)
dt

1h = [FyHl]Hz(h)- (611)

In particular H; and Hs(h) are conserved and thus X* satisfy the same algebra for all times:

[X(t,20), X7 (t, 20)] = theP* PR (X) i3,k =1,2,3. (6.12)
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We can formally solve eq. (6.10) by using the adjoint operator adx

adx[Y] = [V, X], (6.13)
F(X) = e"wtm F(X,) = e n!MF(Xg)ent. (6.14)

We end this section by providing three illustrative examples for our construction.

1) An electric charge in a homogeneous magnetic field. The classical phase space is
defined by the Hs function:
° % B, (6.15)

H2:—2U
m=c

and so the Nambu-Poisson algebra of the phase-space coordinates v is according to
rel.(6.1),
(v}, 07} = kB ik =1,2.3. (6.16)
m2c

The phase space is a plane transverse to B embedded in R3. The dynamics is de-
fined through:

1
H, = imv2, (6.17)
and the Nambu egs:
o = - ciikyigk, (6.18)
mc

produce the correct physical eqs. of motion. For the quantum case we have the
following two Hamiltonian operators:

~ e .
H2 = %'L)‘B, (619)
and
. 1,
H, = gmu”. (6.20)

For the algebra of coordinates we get a Heisenberg Lie algebra:

[",#1] = 1h——€I*B ik =1,2,3. (6.21)
m=c

H, is the Casimir of the Heisenberg algebra which defines the quantum plane foliat-
ing R3.

The Nambu-Heisenberg eqs. of motion are:

dot € i
= — ¢ukpipk —

1
dt me

h[@i,ﬁl] - (6.22)
These are the standard QM egs. for the Landau problem [5J.

2) The Euler Top [l At the classical level we choose

Hy = % A (6.23)
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The corresponding phase space is S? which provides a spherical foliation of R? with
varying radius /2H; for various initial conditions [} with Poisson algebra SO(3)

{117} = Ik Ik i,j,k=1,2,3.

The second Hamiltonian is the conserved energy

1 /12 12 2
H = - [X424 3],
L= 9 <11 +12+13>

The classical eqgs. of motion are [ = €k 9 H, OFHy or
. 1 1
t=(=—-=)1l

(£-7) s
. 1 1
2 P —_— e
I = <13 I1> I3 11
In the quantum case

The phase-space Lie algebra is linear (SO(3))

(1%, 1] = ok €9F I, i, 5.k =1,2,3.

The Energy operator is H

X 1/2 2 P2
o o— 2(dA B B
! 2<11+12+13>

The quantum Nambu-Heisenberg eqs. of motion are:

dlt

ZhE:[l7H1]H2; 121,2,3,
or component wise
LU YN RS
dt — 2\Iy Ig) P
a2 1/1 1\ ,.: .
%2 <I_3 - I—1>(13l1 + ll3)
aP 11 1N s
Tl <I_1 - I—2>(11l2 + laly).

(6.24)

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)

(6.30)

(6.31)

These are the correct eqs. of motion for the quantum top @] It is known that the
prescription of quantization by Nambu [ for the quantum triple product fails by a
multiplicative factor on the r.h.s. of eq. (6.31) which is the value of the SO(3) Casimir
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3) Single Spin Magnetic Field Interaction This example is similar in spirit to the first
one describing the motion of a quantum particle of magnetic moment p and quantum
spin s

Mi=puSt ;  i=1,2,3, (6.32)

1 a: a
Hy = 558"
H = —uB'S" ; i=1,2,3. (6.33)

The phase space algebra is SU(2)
[5%,87] = ah €k GF (6.34)

with the corresponding eqgs. of motion being:

ds' -
1h di = [S ’Hl]ﬁz’ (635)
or equivalently X
e —pe®BIS”E 1,7,k =1,2,3, (6.36)

which again are the expected ones.

We note that in these three examples and for general quadratic or linear polynomial
Hamiltonians Hy, Hy it is easy to check that

(X', H)y, = —[X' Holp. (6.37)
Note that the exchange symmetry H, < H, between the two Hamiltonians is equiv-

alent to time reversal symmetry ¢t — —t. More generally this duality symmetry is
valid for any element g € SL(2, R)

g= (C“ ?) ; detg =1, a,4,7,6 € R, (6.38)
Y

which produces the transformation
(Hy,Hy) - (H,H) = (Hi,H) g (6.39)

For general quadratic Hamiltonians it leaves invariant the equations of motion

dX?
dt

The general setting we have developed here is appropriate to the quantization of

Wl = [X', H]y, ; i=1,2,3. (6.40)

classical flow egs. for perfect fluids (see discussion in section 5). For many years this
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is a very active field starting with Landau (1941) [f4-F6]. He formulated Quantum
Hydrodynamics in the Eulerian framework by quantizing the density p and the current
J', i=1,2,3 starting from basic commutation relations of flow coordinates for the
constituent particles ( Lagrangian formulation). The physical phenomenon at hand
was superfluidity and more specifically He4 [7]. In the last two decades, there
has been an intense interest for quantum fluids (BEC) [B§] and strongly correlated
electron systems(quantum Hall effect and high temperature supercontuctivity) [B9.
On the other hand for studies related to non-commutative or fuzzy fluids see ref. [B7,
Bd]. In addition very recently there has been a very fruitful connection of AdSs black

hole geometry with the quark-gluon fluid thermodynamics on the boundary [61].

Having established the precise physical setting of our proposal we proceed to discuss in

the next section the quantization of the Nambu-Poisson 3-algebras (3-brackets). According

to our approach it must be consistent with the quantum Nambu-Heisenberg equations of

motion. Few of the works in the literature have made a consistent connection of the

quantization of the Nambu 3-bracket with Quantum Nambu Dynamics.

7. Nambu-Lie 3-algebras and the quantization of the 3-bracket

Nambu-Lie 3-algebras have been previously discussed ref. [[[-f, f3, 3], and more recently

as metric linear 3-algebras [p4, f5. They are defined as algebras with a finite set of

generators 7% a=1,2,---,n and a 3-commutator with the following properties:

)

Antisymmetry

(L@ 70 4o (] = (—1)7  [t%,¢°,¢] ; a,bye=1,---.n, (7.1)
for every permutation of three objects ¢ € Ss
Linearity

Aot 0,1 = Ag[t®, %1 ; M€C,  abe=1---,n, (7.2)

Fundamental Identity(FI)
[[£2, 20, 6], ¢, €] = [[t2, 4, 9], 8%, 1] + [t2, [t°, 9], t°], ] (7.3)
+[t2, 80, [t¢, 4, 1] Va,b,c,d,e =1,2,---,n. (7.4)

The last property can be expressed in a different way. If we define the adjoint
action operator:
Loy = [t%°,] ; Vab=1,---,n. (7.5)

It acts like a derivation on the 3-commutator:
La o[t t2, 1] = [Lget® %t + [t% Laot®, t°] + [t% t°, Ly ot°]. (7.6)

It generalizes the usual action of the adjoint operation of a Lie algebra or equivalently
it is an extension of the Jacobi identity. A question of consistency is in order, when
the Leibniz property is imposed in addition to the previous ones:
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4) Leibniz
[t 60,16 9] = [t ¢, ¢ + [t ¢, )0 (7.7)

It is possible to construct 3-algebras which do not satisfy the FI but they do instead
satisfy the Leibniz property (Leibniz 3-algebras) [63. The latter is necessary in order
to extract from the 3-commutator the generators of the algebra the 3-commutator of
the polynomials in the generator, in other words the full structure of the enveloping
algebra U.

The final property is

5) The Closure relation

[t 10, 1¢] = i fberd a,be,d=1,---,n. (7.8)

To write down a Lagrangian one also needs an inner product trace form which raises
and lowers indices on the algebra Tr(t?t?) = he. These algebras are called ”Metric
Lie 3-algebras”.

We name the algebras which satisfy properties 1)-5), as ” Linear Nambu-Lie 3-algebras”
in order to distinquish their structure from more general Non-linear Nambu- Lie 3-algebras

[t9,¢°,¢] = i fg*P(t), (7.9)

where P%(t), d =1,---,n are polynomials in the generators t. The FI imposes constraints
on the fjbc and in the more general case on the Polynomials P<.

In the BL theory [§, [{l the Leibniz property is ignored because it is not necessary
for the consistency of the theory. The Leibniz property itself assumes the existence of a
product between the generators which can be associative or non-associative although some
properties are indirectly assumed at the level of traces. In the literature there are proposals
for the 3-commutator which start directly from a triple product between the generators.
For cubic matrix algebras [, R4] as well as for non-associative 3-algebras one starts off
from the associator

<t 0 16 >= 10 (10¢) — (140t (7.10)

The 3-commutator bracket is then defined to be:

(0,1 = Y (—1)7 < 7@, 470 pol0) 5 (7.11)
ces3
The well known non-associative algebra of octonions (7-imaginary units) e;, i =1,---,n =

7 satisfy [66, 7]

eej = _5ij +\I/Z-jkek i,5,k=1,---,7
€pe; = €€ 1= 1, tety 7 (7.12)
e = 1. (7.13)
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The associator is given by
< €4, €5, €L >= ei(ejek) - (eiej)ek = Pijkl€l iaja kal = 17 Ty 77 (714)

where W, ;. is the completely antisymmetric tensor of octonionic multiplication table with
values 1 for [(123), (246), (435), (367), (651), (572), (714)] and zero otherwise.The dual
tensor ;1 is defined as

Pijkl = Eijklmnp\llmnp ; i7j7 k7 l7 m,n,p = 17 T 7. (715)

It is completely antisymmetric with values 1 for (1245), (2671), (3526),
(4273), (5764), (6431), (7531) and zero otherwise. The seven octonionic units form a
linear 3-algebra which is given by

[ei76j7ek] =7 Pijkl€l; /i7j7 kal = 17 e 777 (716)

but it does not satisfy the FI and Leibniz properties. We would like to notice here the
relation of octonions with the quantum mechanical self-dual membranes (instantons), in the
light-cone gauge, embedded in 7 dimensions [6§, f9]. For associative linear NL 3-algebras
the triple commutator is

[, 0,1 = ) (=1)7t7@ 470 o), (7.17)
o€eS3

In order to define the triple commutator, one could also choose an element I',T2? = I
such that
[, t*]+ = 0. (7.18)

The 3-commutator is then defined through the 4-commutator [16, [f]]

(X, X0, xe, X =) (—1)7x0@ xo0) xol) xold), (7.19)
oest
as:
[t 1%, ¢ = [t°, ¢", 1, T, (7.20)

It has been proved that the closure relation (7.8) for positive definite metric 3-algebras has
solutions only for n = 4, the A4 algebra or direct sums with abelian triple algebras [64].
The A4 algebra has as generators [ff]

10 =0 a=1,2,34, (7.21)
and T' = 7%, (two SU(2) algebras of positive and negative chirality):
[t9, 0, 1] = ietbedyd a,be,d=1,2,3,4. (7.22)

In general the definitions of the triple commutator (7.10, 7.11, 7.17, 7.19 , 7.20) do not
satisfy the FI and Leibniz properties.

As has been emphasized in the previous sections, our approach is to consider Nambu-
Lie 3-algebras which allow for the consistent quantization of Nambu classical dynamics
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in 3-d phase-space manifolds M3s. This, in turn means (see section 3-4), that we should
quantize consistently the Lie algebras of volume preserving diffeomorphisms in the Clebsch-
Monge(CM) gauge. One way would be to quantize the CM potentials as we do in quantum
field theory, by using familiar symplectic structures [B3, BJ]. A second way would be, to
construct topological o-models defining the * deformation of the Poisson algebra of smooth
functions on Mg [[1].

Our approach is to consider Matrix deformations of the algebras of coordinates for every
surface defined by a level set Morse function, which is the Casimir of the corresponding
Poisson algebra( see section three). In accord with our philosophy of section5 we have
to be consistent with the Nambu-Heisenberg equations of motion. If we choose the two
Hamiltonians H 1 H, then the time evolution equations are

dxi

1l = (X', i, - (7.23)

We define the Nambu quantum 3-bracket as the 3-commutator

(X', Hy, Ha] = [X', Hilp,. (7.24)

Any polynomial Hermitian operator observable F (Z) satisfies the Quantum Liouville time
evolution equation generically due to our ansatz

dF . -
Zh% = [F, Hl]ﬁz' (725)
It also follows from (7.22) that more generally we have
[F', Hy, Ho] = [F, ﬁl]gz- (7.26)

The triple commutator just defined, if used for any three Hermitian operators F, G, H (we

omit hats from now on):
[F,G,H] = [F,Glq, (7.27)

obeys as before the following properties: a) Linearity b) Antisymmetry c)Leibniz in
the first two arguments. If the additional requirement is imposed, namely that

[F,Glg = —[F,Hla, (7.28)

all of the above properties get satisfied as well in all three arguments. By fixing the phase
space to be R we will examine rel.(7.28) for the case that the three operators F,G,H are
linear or quadratic in the coordinates z°.

1) Linear case
F =d'z, G=0val, H =<2k, a,b,ce R, i,75,k=1,2,3. (7.29)
According to our definitions the algebra of coordinates is:

(28, 29y h e = 1h€TRCE, (7.30)
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This is the non-commutative 3-torus 72 [[J]. Since the Casimir H defines a quantum
plane (the usual quantum mechanical phase-space) for every value A of an irrep:
AER

H=cz"=\1 (7.31)

The non-commutative 3-torus is foliated by the A-planes(2-tori) [[J. We find for the
commutator [F, G|y
@'z’ b 2] e = ahia - (b X c). (7.32)

Hence rel.(7.28) holds true, as the r.h.s. of (7.32) is antisymmetric in b < ¢

F.G Linear , H Quadratic
1
H = §$kMklajl : k1=1,2,3, (7.33)

where M is a real symmetric matrix. The algebra of coordinates is a 3-generator
linear Lie algebra. Depending on the eigenvalues of M we obtain all cases (SU(2) ,
SU(1,1), etc.).

[z, 29y = he kMMl (7.34)

Foliating R? by fuzzy quadratic surfaces the Lh.s. of rel.(7.28) reads
[azt W al|y = heP*al b MM L (7.35)
The r.h.s. is evaluated with Casimir G = /27
[atx?, %kaklxl]G = —aheRait MM !, (7.36)
So (7.28) is satisfied.

G , H both Quadratic

| 1
G = §x]QJma;m ; H= Eka'flxl, (7.37)

with Q , M both real symmetric matrices. By Leibniz’s rule we consider the rel.(7.28)
in the form

2", Gy = —[z', H]a, i=1,2,3. (7.38)

We demonstrate its validity by evaluating separately both sides. Its L.h.s. gives:

[z", %ijjmxm]H = 1he TR (QILMF™ 4 QI MK 2™, (7.39)
By exchanging Q) < M and j < k we similarly evaluate the r.h.s. . and get:

[z°, %kaklxl]G = zheijk(Mlejm + Mkajl)xla:m. (7.40)
This checks the validity of (7.38). In effect this implies that it holds also true

[F,Gln = —[F,Hla, (7.41)
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for the cases G and H being either linear or quadratic with F being any polynomial.
To go one step further we have to consider cases where H is cubic and G is either
linear or quadratic and so on. These cases require the construction of non-Linear Lie
algebras with cubic Casimir or quadratic right hand side (quadratic Lie algebras).
We defer these considerations to a future work.

The main point of this section is to examine the validity of the fundamental identity
(FI) under the definition (7.27). This is:

[[F’ G]HyK]L = [[Fv K]LaG]H + [F7 [G’ K]L]H + [Fv G][H,K]L- (7'42)

We shall check below the above relation, at the level of linear Lie-algebras. We must
consider the cases where H and L as well as [H, K], are quadratic polynomials (for linear
it is trivial) and this implies that K must be linear.

g = Lok L= Lpigimym
2 ’ 2 ’
K = a:r, F:I‘p, G:xqa ; k,l,j,m,p,q,rz 172737 (743)

where M , QQ are real symmetric 3 x 3 matrices. The FI becomes
([P, 2% g, 2" = ([P, 2"]L, 2% g + [2F, [2%, 2"] L] + (2P, 2% (g oy, - (7.44)
The Casimirs H , L being quadratic give rise to linear Lie-algebras,
(2P, 29 g = iheP™* MM gt [aP, 2] = he" T QM 5 poq,r gl =1,2,3, (7.45)

while the third Casimir [H, 2", has to be evaluated

1 h . . .
[H,z"|, = 3 MFU[gF gl 2 = %MleJm(el”xkxm + eFrigmaly. (7.46)
There are three terms of similar nature in (7.44), the Lh.s. and the first two in the r.h.s. ,

which we label as r.h.s. 1 and r.h.s. 2. They are given as follows:

Lh.s. = [[zP, 29, a"] = —h2ePReripRQimg™, (7.47)
rh.s. 1= [[zP, 2", 29 g = —h2eP™ T emak Qim pyt, (7.48)
rh.s. 2= [2P, [x9, 2" ] g = — Rl T PR QIm Mt (7.49)

In order to evaluate the third term of the r.h.s., r.h.s. 3, we rewrite the Casimir rel.(7.46)

in a convenient form:
1
[H,z"], = zh§$mGTlxl ; r,m,l=1,2,3, (7.50)

where G™ is a real symmetric 3 x 3 matrix in the indices m,l, Vr = 1,2, 3:

Gl =7 (MM QI 4+ M QM) (7.51)
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Then
r.h.s. 3= [2F, 2 g 4, = —R2PImGT gl (7.52)

By comparing the coefficients of z!, we find that:
6quemrj]\4]@7}16231 — (eprjemqk + 6qrjepmlc + 6pqmekrj)]\4-lejm + qukemrijmle. (753)

As the L.h.s. and the last term in the r.h.s. are equal the parenthesis term must vanish. By
using the identity

we find that
ePrIema 4 0 Pk y A kT — 10 =m)(k=p)(k=q)(p —q)(j —r)(m—r) (755

This expression is antisymmetric in j,m and the subsequent summation with the symmetric
matrix Q7™ gives the desired result.
We proceed to discuss the quantization of the T° Nambu-Poisson 3-algebra in

rel.(3.20) [ig, A

{en, em,e1} = —in - (m X 1)enimai, (7.56)
where (e,), € Z3 is the plane wave basis in T3
en(z) =™ 5z eR3 neZd (7.57)
We start with the non-commutative torus algebra given a fixed | = (I1,ls,13) € Z3
[zt 2] = he*, (7.58)

By using the Baker-Cambell-Hausdorf formula for the set of exponential operators (3-d
magnetic translations)
T,=¢e"" . neZ, (7.59)

we obtain
1h
T, T, = e zdettvmd . (7.60)

or equivalently the Lie algebra of 3-dim. magnetic translations
h
[Th, Tn] = —21 Sin[gdet(n, m, )] Thtm. (7.61)

This is a generalization of the trigonometric algebra in 2-dim. phase space [[4].
Fixing the vector I € Z3 we have chosen a Casimir for the algebra (7.56) of a 2-d
classical torus 72 embedded in 72. The T2 Nambu-Poisson algebra is:

{en,em}te, = —m(m x)eyim - €. (7.62)
So e;(x) is a phase on this surface:

el(z) = €. (7.63)
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At the quantum level the commutation relation (7.60) should get a phase factor for the
quantum Casimir

h
[T, Tinl1, = —20 sin [gdet(n,m, l)] Totmtils (7.64)
T) = et = elel, (7.65)

This means that according to our prescription rel.(7.27) we have the quantum 3-
torus algebra

[T, T, T;] = —21sin [gdet(n,m,l)} Totmtis (7.66)
as a foliation of the algebra (7.61) for all values of [ € Z3 or of the Casimir
l-x=c-1. (7.67)

We close this last section by discussing the case of S% quantum 3-algebra. We choose four
quantum coordinates z?, i = 1,2, 3,4 satisfying the commutation relations

[z, 9] =k €% ok 2t ik 1=1,2,3,4 (7.68)
where we have two Casimirs
Ci=a-z ; o€ RY, (7.69)
a quantum R> space embedded in R* and

Cy = %x? (7.70)

The algebra (7.66) is an elegant way to write the little group subalgebra fixing a four vector
a of SO(4) which is an SO(3).
If the values of the Casimir C belong to the range

—/2C5 < Cy < v/ 202, (771)

the R3 quantum space intersects the quantum sphere S® into an S? quantum sphere of
radius 1/2C2 — C%. So we can obtain the quantum S3 sphere as a foliation of quantum S?
spheres analogous to the classical case.

We proceed to define the quantum S33-bracket as follows:

[mi,:nj,azk]gs = [mi,xj]xk,@ ; 1,5,k =1,2,3,4. (7.72)
This means that we have chosen o = 6% Hence we obtain
(2,27, 2F]gs = oheVRlt o ik 1=1,2,3,4. (7.73)

The quantum 3-algebra (7.73) satisfies the fundamental identity since its structure con-
stants are identical to the corresponding classical Nambu-Poisson 3-algebra. In our case
the validity of the Leibniz property is obvious for the first two arguments. According to
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this construction the quantization can be carried out for any quadratic 3-manifold embed-
ded in R*.

We close this last section with some comments. Our proposal is primarily guided by
the consistency of the quantum Nambu-Heisenberg evolution equations as well as for their
uniqueness in time evolution. Equally important is the validity of the quantum Liouville
equation in a three dimensional phase space(PS). This leads to the following picture which
emerges from the last two sections.

The quantum three dimensional phase space, is a foliation of two dimensional quantum
phase spaces, which is parametrized by the value of the phase space defining Casimir.
The choise of the second dynamical Hamiltonian can be arbitrary and the algebra of the
three quantum coordinates is preserved in time. If we want to change the roles of the
two Hamiltonians, then for linear or quadratic ones we checked that this is equivalent
with time reversal. This approach uniquely determines the quantum Nambu 3-brackets.
In the last section we demonstrated that the resulting quantum Nambu-Lie 3-algebras
can consistently be defined for all three spaces R?, 53, T3 as well as for quadratic three
dimensional manifolds embedded in R*. We will come back with explicit constructions of
representations of the above quantum NL 3-algebras [7].

8. Conclusions-open problems

In this work we presented a geometrical perspective for classical and quantum Nambu dy-
namics in three dimensional phase space manifolds. The two Hamiltonians are interpreted
as follows: the first one defines the two dimensional phase space geometry, embedded in
the 3-d phase space, while the second one gives the dynamics of the trajectories on the
2-d phase space. This view persists in all higher n-dimensions of phase space where there
exist n-1 Hamiltonians. We choose n-2 of them to define a 2-d phase space embedded in
n-dimensions with the (n-1)th Hamiltonian to define the trajectories.

This perspective stressed, in effect, the importance of the SDif f(Ms3) group as the
all embracing framework of possible Nambu 3-d Hamiltonian systems which, after all, are
the flow equations for stationary incompressible fluids in the manifold. We presented ex-
plicit constructions, in the Clebsch-Monge gauge, of the structure constants of the Nambu-
Poisson 3-algebras for the cases of R?, the torus 7 and the sphere S3 as well as of quadratic
3-d manifolds embedded in R*. The foliation of the three dimensional phase space by ar-
bitrary two dimensional symplectic manifolds, whose quantization is well known either
by operator methods or x-quantization techniques (path integral methods), motivates the
definition of the quantum 3-bracket (or 3-geometry) as a foliation of quantum 2-brackets
(commutators).

The Nambu 3-bracket is a volume density element defined by three smooth func-
tions on (M3) which defines intersecting surfaces. Systems of triply orthogonal surfaces
on R3 space have interesting applications in hydrodynamics, in integrable potentials in
Quantum mechanics as well as in Soliton theory. There are corresponding non-linear Lie
algebras which appear as symmetries of such dynamical systems (W3 algebras , quantum
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groups, etc). Our approach has obvious connections with the general framework of non-
commutative geometry.

The quantum 3-commutator should be viewed as the corresponding quantum volume
density element. It is associated, in our case, with the intersection of quantum (fuzzy)
surfaces. We believe that quantum 3-algebras (constant, linear or generally non-linear) is a
new interesting area of mathematics in itself, with importance as well for the quantization
of fluid dynamics and more generally for the geometry of 3-d manifolds(branes) such as
our physical space (quantum gravity). Interesting open questions are the construction of
a consistent matrix model for interacting multiple Ms branes , a Matrix model for light
cone 3-branes and finally matrix quantization of Euler fluid dynamics including Vortices
and Turbulence.

Acknowledgments

For discussions we thank C. Bachas, 1. Bakas, J. Hoppe, J. Iliopoulos, A. Kehagias, C. Koko-
relis, S. Nicolis, A. Petkou, G. Savvidy, S.Sheich-Jabbari and C. K. Zachos. M.A. and E.F.
acknowledge partial support from the E.U. networks: UniverseNet MRIN-CT-035863 as
well as of the MRTN-CT-2004-512194-503369.

References

[1] Y. Nambu, Generalized hamiltonian dynamics, [Phys. Rev. D 7 (1973) 2405
[2] V.T.Filippov, n-Lie algebras, Sib. Mat. Zh. 26 (1985) 126 .

[3] L. Takhtajan, On foundation of the generalized Nambu mechanics (second version),
|[Commun. Math. Phys. 160 (1994) 295 [hep-th/9301111)].

[4] J.H. Schwarz, Superconformal Chern-Simons theories, JHEP 11 (2004) 07§
[hep-th/0411077).

[5] A. Basu and J.A. Harvey, The M2-M5 brane system and a generalized Nahm’s equation,
[Nucl. Phys. B 713 (2005) 136 [nep-th/0412310].

[6] J. Bagger and N. Lambert, Modeling multiple M2’s, |Phys. Rev. D 75 (2007) 045020
lhep-th/0611108]; Gauge symmetry and supersymmetry of multiple M2-branes,

D 77 (2008) 065009 [hrXiv:0711.0955).

[7] A. Gustavsson, Algebraic structures on parallel M2-branes, [Nucl. Phys. B 811 (2009) 64
[erXiv:0709.126d].

[8] P.S. Howe, N.D. Lambert and P.C. West, The self-dual string soliton, [Nucl. Phys. B 51§

(1998) 204.

[9] D.S. Berman, M-theory branes and their interactions, [Phys. Rept. 456 (2008) 89
erXiv:0710.1707].

[10] E. Bergshoeff, E. Sezgin, Y. Tanii and P.K. Townsend, Super p-branes as gauge theories of
volume preserving diffeomorphisms, [Ann. Phys. (NY) 199 (1990) 340;
M.J. Duff, Supermembranes, hep-th/9611203.

[11] T.A. Bandos and P.K. Townsend, Light-cone M5 and multiple M2-branes, |Class. and Quant)

Grav. 25 (2008) 245003 [prXiv:0806.4777); SDiff gauge theory and the M2 condensate,

brXiv:0808.1583.

— 30 —


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD7%2C2405
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C160%2C295
http://arxiv.org/abs/hep-th/9301111
http://jhep.sissa.it/stdsearch?paper=11%282004%29078
http://arxiv.org/abs/hep-th/0411077
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB713%2C136
http://arxiv.org/abs/hep-th/0412310
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD75%2C045020
http://arxiv.org/abs/hep-th/0611108
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD77%2C065008
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD77%2C065008
http://arxiv.org/abs/0711.0955
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB811%2C66
http://arxiv.org/abs/0709.1260
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB515%2C203
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB515%2C203
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRPLC%2C456%2C89
http://arxiv.org/abs/0710.1707
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APNYA%2C199%2C340
http://arxiv.org/abs/hep-th/9611203
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C25%2C245003
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C25%2C245003
http://arxiv.org/abs/0806.4777
http://arxiv.org/abs/0808.1583

[12] J. Hoppe, Quantum theory of a massless relativistic surface and a two-dimensional bound
state problem, Ph.D. thesis, Massachusetts Institute of Technology, U.S.A. (1982), Aachen
preprint PITHA-86/24; On M-algebras, the quantisation of nambu-mechanics and volume
preserving diffeomorphisms, [Helv. Phys. Acta 70 (1997) 309 [hep-th/9602020].

[13] B. de Wit, J. Hoppe and H. Nicolai, On the quantum mechanics of supermembranes,

Phys. B 305 (1988) 544.

[14] T. Banks, W. Fischler, S.H. Shenker and L. Susskind, M theory as a matriz model: a
conjecture, [Phys. Rev. D 55 (1997) 5119 [hep-th/9610043[;
W. Taylor, M(atriz) theory: matriz quantum mechanics as a fundamental theory,

Phys. 73 (2001) 419 [hep-th/0101124].

[15] E.G. Floratos, The Heisenberg-Weyl group on the Z(N) x Z(N) discretized torus membrane,
[Phys. Leit. B 228 (1989) 334,

[16] T. Curtright and C.K. Zachos, Classical and quantum Nambu mechanics, |Phys. Rev. D 68§

(2003) 085001 [hep-th/0212267];

C.K. Zachos and T.L. Curtright, Deformation quantization of Nambu mechanics, |AIP Conf.

Proc. 672 (2003) 184;

C.K. Zachos, Membranes and consistent quantization of Nambu dynamics, [Phys. Lett. B 57|

(2003) 89 [hep-th/0306227;

C.K. Zachos and T.L. Curtright, Deformation quantization, superintegrability, and Nambu
mechanics, [Acta Phys. Hung. 19 (2004) 199 [hep-th/0210170].

[17] H. Awata, M. Li, D. Minic and T. Yoneya, On the quantization of Nambu brackets, JHEP 02

(2001) 019 [hep-th/9906249).

[18] J. Hoppe, On M-algebras, the quantisation of Nambu-mechanics and volume preserving
diffeomorphisms, [Helv. Phys. Acta 70 (1997) 309 [hep-th/960202Q].

[19] D. Minic and H.C. Tze, Nambu quantum mechanics: a nonlinear generalization of geometric

quantum mechanics, |Phys. Lett. B 536 (2002) 305 |hep-th/0202173;
D. Minic, M-theory and deformation quantization, hep-th/9909023.

[20] M. Axenides and E. Floratos, Euler top dynamics of Nambu-Goto p-branes, JHEP 03 (2007)

099 [hep-th/0608017).

[21] M.M. Sheikh-Jabbari, Tiny graviton matriz theory: DLCQ of IIB plane-wave string theory, a
conjecture, JHEP 09 (2004) 017 [hep-th/0406214)].

[22] Z. Guralnik and S. Ramgoolam, On the polarization of unstable DO-branes into non-
commutative odd spheres, JHEP 02 (2001) 032 [hep—th/0101001]);
D.S. Berman and N.B. Copland, A note on the M2-M5 brane system and fuzzy spheres,
[Phys. Lett. B 639 (2006) 553 [hep—th/0605086].

[23] P.-M. Ho and Y. Matsuo, M5 from M2, |JHEP 06 (2008) 10y [rrXiv:0804.362d].
[24] Y. Kawamura, Cubic matriz, Nambu mechanics and beyond, |Prog. Theor. Phys. 109 (2003)

159 [hep-th/0207054].

[25] G. Dito, M. Flato, D. Sternheimer and L. Takhtajan, Deformation quantization and Nambu
mechanics, [Commun. Math. Phys. 183 (1997) 1| [hep—th/9602016].

[26] F. Bayen and M. Flato, Remarks concerning Nambu’s generalized mechanics,

11 (1975) 3049;

R. Vilela Mendes, Quantization of dissipative and volume preserving dynamics,

26 (1982) 3444;

— 31 —


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=HPACA%2C70%2C302
http://arxiv.org/abs/hep-th/9602020
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB305%2C545
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB305%2C545
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD55%2C5112
http://arxiv.org/abs/hep-th/9610043
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=RMPHA%2C73%2C419
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=RMPHA%2C73%2C419
http://arxiv.org/abs/hep-th/0101126
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB228%2C335
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD68%2C085001
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD68%2C085001
http://arxiv.org/abs/hep-th/0212267
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APCPC%2C672%2C183
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APCPC%2C672%2C183
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB570%2C82
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB570%2C82
http://arxiv.org/abs/hep-th/0306222
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APHUE%2C19%2C199
http://arxiv.org/abs/hep-th/0210170
http://jhep.sissa.it/stdsearch?paper=02%282001%29013
http://jhep.sissa.it/stdsearch?paper=02%282001%29013
http://arxiv.org/abs/hep-th/9906248
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=HPACA%2C70%2C302
http://arxiv.org/abs/hep-th/9602020
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB536%2C305
http://arxiv.org/abs/hep-th/0202173
http://arxiv.org/abs/hep-th/9909022
http://jhep.sissa.it/stdsearch?paper=03%282007%29093
http://jhep.sissa.it/stdsearch?paper=03%282007%29093
http://arxiv.org/abs/hep-th/0608017
http://jhep.sissa.it/stdsearch?paper=09%282004%29017
http://arxiv.org/abs/hep-th/0406214
http://jhep.sissa.it/stdsearch?paper=02%282001%29032
http://arxiv.org/abs/hep-th/0101001
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB639%2C553
http://arxiv.org/abs/hep-th/0605086
http://jhep.sissa.it/stdsearch?paper=06%282008%29105
http://arxiv.org/abs/0804.3629
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PTPKA%2C109%2C153
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PTPKA%2C109%2C153
http://arxiv.org/abs/hep-th/0207054
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C183%2C1
http://arxiv.org/abs/hep-th/9602016
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD11%2C3049
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD11%2C3049
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD26%2C3446
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD26%2C3446

R. Chatterjee, Dynamical symmetries and Nambu mechanics, |Lett. Math. Phys. 36 (1996)

117 [hep-th/9501141];

M. Czachor, Lie-Nambu and beyond, [Int. J. Theor. Phys. 38 (1999) 475 [quant-ph/9711054|;
C.C. Lassig and G.C. Joshi, Constrained systems described by Nambu mechanics, [Lett. Math

Phys. 41 (1997) 59 [hep-th/9605203];

J.A. de Azcarraga, J.M. Izquierdo and J.C. Perez Bueno, On the generalizations of Poisson
structures, J. Phys. A 30 (1997) L607 [hep-th/9703019;

A. Tegmen and A. Vercin, Superintegrable systems, multi-hamiltonian structures and Nambu
mechanics in an arbitrary dimension, [[nt. J. Mod. Phys. A 19 (2004) 393
[math-ph/021207d];

M. Czachor, Nambu-type generalization of the Dirac equation, |[Phys. Lett. A 225 (1997) 1l
[quant-ph/9601015;

N. Makhaldiani, The System of three vortexes of two-dimensional ideal hydrodynamics as a

new example of the (integrable) Nambu-Poisson mechanics, golv-int/9804003;
N. Mukunda and G. Sudarshan, Relation between Nambu and hamiltonian mechanics,

Rev. D 13 (1976) 2844

P. Gautheron, Some remarks concerning Nambu mechanics, Lett. Math. Phys. 37 (1996) 103.

N. Nakanishi, Nambu-Poisson tensors on Lie groups, Institute of Mathematics Polish
Academy of Science, Warszawa Poland (2000).

J.S. Dowker, Volume preserving diffeomorphisms on the three sphere, [Class. and Quant)]

Grav. 7 (1990) 1241.

[30]

[31]

[32]

33]

[34]
[35]

[36]

[37]

[38]

[39]

[40]

V. Arnold, Sur la geometrie differentielle des groupes de Lie de dimension infinie et ses
applications a Uhydrodynamique des fluides parfaits, Ann. de I’ Inst. Fourier 16 (1966) 319.

D. Ebin and J.E. Marsden, Groups of diffeomorphisms and the motion of an incompressible
fluid, Ann. Math. 92 (1970) 102.

J.E. Marsden and A. Weinstein, Coadjoint orbits, vortices and Clebsch variables for
incompressible fluids, Physica 7D (1983) 305.

J.E. Marsden and T.S. Ratiu, Introduction to mechanics and symmetry, 2"% edition,
Springer-Verlang New York Inc., U.S.A. (1999).

H. Lamb, Hydrodynamics, Cambridge University Press, Cambridge U.K. (1932), p. 248.

A. Clebsch, Uber die Integration der hydrodynamischen Gleichungen, J. Reine Angew. Math.
56 (1859) 1.

S. Deser, A.P. Polychronakos and R. Jackiw, Clebsch (string) decomposition in d =3 field
theory, |Phys. Lett. A 279 (2001) 151];

R. Jackiw, V.P. Nair and S.-Y. Pi, Chern-Simons reduction and non-Abelian fluid
mechanics, Phys. Rev. D 62 (2000) 08501 [hep-th/0004084].

R. Jackiw, V.P. Nair, S.Y. Pi and A.P. Polychronakos, Perfect fluid theory and its extensions,
Y. Phys. A 37 (2004) R327 [hep-ph/0407101;
A.P. Polychronakos, Noncommutative fluids, prXiv:0706.109§.

R. Aris, Vectors, tensors and the basic equations of fluid mechanics, Dover eds., U.S.A.
(1989).

K. Bajer and H.K. Bajer and H.K. Moffatt, On a class of steady confined stokes flows with
chaotic streamlines, J. Fluid Mech. 212 (1990) 337.

P.G. Saffman, Vortex dynamics, Cambridge University Press, Cambridge U.K. (1992).

— 32 —


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=LMPHD%2C36%2C117
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=LMPHD%2C36%2C117
http://arxiv.org/abs/hep-th/9501141
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IJTPB%2C38%2C475
http://arxiv.org/abs/quant-ph/9711054
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=LMPHD%2C41%2C59
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=LMPHD%2C41%2C59
http://arxiv.org/abs/hep-th/9605202
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JPAGB%2CA30%2CL607
http://arxiv.org/abs/hep-th/9703019
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE%2CA19%2C393
http://arxiv.org/abs/math-ph/0212070
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CA225%2C1
http://arxiv.org/abs/quant-ph/9601015
http://arxiv.org/abs/solv-int/9804002
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD13%2C2846
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD13%2C2846
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C7%2C1241
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C7%2C1241
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CA279%2C151
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD62%2C085018
http://arxiv.org/abs/hep-th/0004084
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JPAGB%2CA37%2CR327
http://arxiv.org/abs/hep-ph/0407101
http://arxiv.org/abs/0706.1095

[41] V.I. Arnold and B. Khesin, Topological methods in hydrodynamics, Springer-Verlag, New
York U.S.A. (1998).

[42] L. Woltjer, On hydromagnetic equilibrium, Proc. Nat. Acad. Sci. U.S.A. 44 (1958) 489;
H.K. Moffatt, The degree of knottedness of tangled vortex lines, J. Fluid. Mech. 35 (1969) 117.

[43] P. Nevir and R. Blender, A Nambu representation of incompressible hydrodynamics using
helicity and enstrophy,
emphJ. Phys. A 26 (1993) L1189.

[44] N. Papanicolaou and P.N. Spathis, Semitopological solitons in planar ferromagnets,
Nonlinearity 12 (1999) (285).

[45] L.D. Faddeev, Some comments on the many dimensional solitons, |Lett. Math. Phys. 1 (1976)
289.

[46] E.A. Kuznetsov and A.V. Mikhailov, On the topological meaning of the classical Clebcsh
variables, Phys. Lett. A 77 (1980) 37.

[47] M.H.A. Newman, On theories with a combinatorial definition of “equivalence”, Ann. Math.
43 (1942) 223.

[48] V. Chari and A. Pressley, A guide to quantum groups, Cambridge University Press,
Cambridge U.K. (1994).

[49] E.K. Sklyanin, Some algebraic structures connected with the Yang-Bazter equation,

Anal. Appl. 16 (1982) 269 [[Funkt. Anal. Pril. 16 N4 (1982) 21;

M. Rocek, Representation theory of the nonlinear SU(2) algebra, |Phys. Lett. B 255 (1991)
554;

C. Daskaloyannis, Finite dimensional representations of quadratic algebras with three

generators and applications, path-ph/0002001;
M. Chaichian and A.P. Demichev, Polynomial algebras and higher spins, hep—th/9602004.

[50] J. de Boer and T. Tjin, Quantization and representation theory of finite W-algebras, Comm.
Math. Phys. B357 (1991) 632;
J. de Boer, F. Harmsze and T. Tjin, Nonlinear finite W symmetries and applications in
elementary systems, [Phys. Rept. 272 (1996) 139 [hep-th/9503161].

[61] M. Penkava, Deformation quantization of polynomial Poisson algebras, J. of Algebra 227
(2000) 365;
C. Nowak, Star products for integrable Poisson structures on R3, j-alg/9708013.

[52] J. Arnlind, M. Bordemann, L. Hofer, J. Hoppe and H. Shimada, Fuzzy Riemann surfaces,
hep-th/060229(.

w

L. Landau, Quantum mechanics: non-relativistic theory, Elsevier Science Ltd., U.S.A. (1958).

L.D. Landau, Theory of superfluidity of Helium-II, J. Phys. USSR 5 (1941) 71.

ot
W~

R.P. Feynman, Statistical mechanics, Benjamin, Massachusetts U.S.A. (1972).

G. Volovik, From quantum hydrodynamics to quantum gravity, gr-qc/0612134; The universe
in a Helium droplet, Int. Ser. Monogr. Phys., 117 (2006) 1.

[57] .M. Khalatnikov, An introduction to the theory of superfluidity, Benjamin, New York U.S.A.
(1965).

[58] A.J. Leggett, Quantum liquids, Oxford University Press, Oxford U.K. (2004).
[59] R.E. Prange and S.M. Girvin, The quantum Hall effect, Springer-Verlag, U.S.A. (1987).

BT N )

— 33 —


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=LMPHD%2C1%2C289
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=LMPHD%2C1%2C289
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=FAAPB%2C16%2C263
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=FAAPB%2C16%2C263
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=FUAPA%2C16N4%2C27
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB255%2C554
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB255%2C554
http://arxiv.org/abs/math-ph/0002001
http://arxiv.org/abs/hep-th/9602008
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRPLC%2C272%2C139
http://arxiv.org/abs/hep-th/9503161
http://arxiv.org/abs/q-alg/9708012
http://arxiv.org/abs/hep-th/0602290
http://arxiv.org/abs/gr-qc/0612134

[60]
[61]

S.G. Rajeev, Incompressible fluids, [Int. J. Mod. Phys. A 20 (2005) 6122,
D.T. Son and A.O. Starinets, Viscosity, black holes and quantum field theory,

Nucl. Part. Sci. 57 (2007) 99 [arXiv:0704.024Q].

[62]

F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz and D. Sternheimer, Deformation theory
and quantization. 1. Deformations of symplectic structures, |Ann. Phys. (NY) 111 (1978) 61l;
Deformation theory and quantization. 2. Physical applications, |[Ann. Phys. (NY) 111 (1978)

[ IE

G. Dito, M. Flato, D. Sternheimer and L. Takhtajan, Deformation quantization and Nambu
mechanics, (Commun. Math. Phys. 183 (1997) 1| [hep-th/9602016];

M. Flato, Two disjoint aspects of the deformation programme: quantizing Nambu mechanics,
singleton physics, [AIP Conf. Proc. 453 (1998) 49 |hep-th/9809073[;

C.K. Zachos and T. Curtright, Branes, quantum Nambu brackets and the hydrogen atom,
Czech. J. Phys. 54 (2004) 1393 [path-ph/0408012;

T.L. Curtright and C.K. Zachos, Branes, strings and odd quantum Nambu brackets,
hep-th/031204§;

C.-s. Xiong, A note on the quantum Nambu bracket, |[Phys. Lett. B 486 (2000) 22§
[hep-th/0003297;

R. Chatterjee and L. Takhtajan, Aspects of classical and quantum Nambu mechanics,

Math. Phys. 37 (1996) 475 [hep—th/950712§].

Y.L. Daletskii and L.A. Takhtajan, Leibniz and Lie algebra structures for Nambu algebra,
Lett. Math. Phys. 39 (1997) 127.

G. Papadopoulos, M2-branes, 3-Lie algebras and Pliicker relations, JHEP 05 (2008) 054
[erXiv:0804.2663]; On the structure of k-Lie algebras, |Class. and Quant. Grav. 25 (2008)

142002 [arXiv:0804.3567).

P.-M. Ho, R.-C. Hou and Y. Matsuo, Lie 3-algebra and multiple M2-branes, JHEP 06 (2008)

02( [arXiv:0804.211([;

J. Gomis, G. Milanesi and J.G. Russo, Bagger-Lambert theory for general Lie algebras,

06 (2008) 075 [rrXiv:0805.10137];

P. De Medeiros, J.M. Figueroa-O’Farrill and E. Mendez-Escobar, Lorentzian Lie 3-algebras

and their Bagger-Lambert moduli space, JHEP 07 (2008) 111) [arXiv:0805.4363]; Metric Lie
3-algebras in Bagger-Lambert theory, THEP 08 (2008) 047 [arXiv:0806.3247;

P. de Medeiros, J. Figueroa-O’Farrill, E. Mendez-Escobar and P. Ritter, On the Lie-algebraic
origin of metric 3-algebras, arXiv:0809.1086;

J.M. Figueroa-O’Farrill, Metric Lie n-algebras and double extensions, prXiv:0806.3534;

K. Furuuchi, S.-Y.D. Shih and T. Takimi, M-theory superalgebra from multiple membranes,
[JHEP 08 (2008) 072 [prXiv:0806.4044];

J. Bagger and N. Lambert, Three-algebras and N = 6 Chern-Simons gauge theories,

Rev. D 79 (2009) 025009 [prXiv:0807.0164];

S. Cherkis and C. Sdmann, Multiple M2-branes and generalized 3-Lie algebras,

78 (2008) 066019 [prXiv:0807.0809];

M. Alishahiha and S. Mukhi, Higher-derivative 3-algebras, [JHEP 10 (2008) 032
erXiv:0808.3067];

J. Gomis, D. Rodriguez-Gomez, M. Van Raamsdonk and H. Verlinde, Supersymmetric
Yang-Mills theory from lorentzian three-algebras, JHEP 08 (2008) 094 [prXiv:0806.073d];
E.A. Bergshoeff, M. de Roo, O. Hohm and D. Roest, Multiple membranes from gauged
supergravity, JHEP 08 (2008) 091 [prXiv:0806.2584];

C. Sochichiu, On Nambu-Lie 3-algebra representations, prXiv:0806.352(;

— 34 -


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE%2CA20%2C6122
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=ARNUA%2C57%2C95
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=ARNUA%2C57%2C95
http://arxiv.org/abs/0704.0240
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APNYA%2C111%2C61
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APNYA%2C111%2C111
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APNYA%2C111%2C111
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C183%2C1
http://arxiv.org/abs/hep-th/9602016
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APCPC%2C453%2C49
http://arxiv.org/abs/hep-th/9809073
http://arxiv.org/abs/math-ph/0408012
http://arxiv.org/abs/hep-th/0312048
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB486%2C228
http://arxiv.org/abs/hep-th/0003292
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=LMPHD%2C37%2C475
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=LMPHD%2C37%2C475
http://arxiv.org/abs/hep-th/9507125
http://jhep.sissa.it/stdsearch?paper=05%282008%29054
http://arxiv.org/abs/0804.2662
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C25%2C142002
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C25%2C142002
http://arxiv.org/abs/0804.3567
http://jhep.sissa.it/stdsearch?paper=06%282008%29020
http://jhep.sissa.it/stdsearch?paper=06%282008%29020
http://arxiv.org/abs/0804.2110
http://jhep.sissa.it/stdsearch?paper=06%282008%29075
http://jhep.sissa.it/stdsearch?paper=06%282008%29075
http://arxiv.org/abs/0805.1012
http://jhep.sissa.it/stdsearch?paper=07%282008%29111
http://arxiv.org/abs/0805.4363
http://jhep.sissa.it/stdsearch?paper=08%282008%29045
http://arxiv.org/abs/0806.3242
http://arxiv.org/abs/0809.1086
http://arxiv.org/abs/0806.3534
http://jhep.sissa.it/stdsearch?paper=08%282008%29072
http://arxiv.org/abs/0806.4044
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD79%2C025002
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD79%2C025002
http://arxiv.org/abs/0807.0163
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD78%2C066019
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD78%2C066019
http://arxiv.org/abs/0807.0808
http://jhep.sissa.it/stdsearch?paper=10%282008%29032
http://arxiv.org/abs/0808.3067
http://jhep.sissa.it/stdsearch?paper=08%282008%29094
http://arxiv.org/abs/0806.0738
http://jhep.sissa.it/stdsearch?paper=08%282008%29091
http://arxiv.org/abs/0806.2584
http://arxiv.org/abs/0806.3520

J. Bedford and D. Berman, A note on quantum aspects of multiple membranes, |Phys. Lett. B

668 (2008) 67 [prXiv:0806.490(];

C.-S. Chu, P.-M. Ho, Y. Matsuo and S. Shiba, Truncated Nambu-Poisson bracket and entropy
formula for multiple membranes, JHEP 08 (2008) 076 [arXiv:0807.0817;

O. Aharony, O. Bergman and D.L. Jafferis, Fractional M2-branes, JHEP 11 (2008) 04
[erXiv:0807.4924];

G. Bonelli, A. Tanzini and M. Zabzine, Topological branes, p-algebras and generalized Nahm
equations, prXiv:0807.5113;

B.E.W. Nilsson and J. Palmkvist, Superconformal M2-branes and generalized Jordan triple
systems, prXiv:0807.5134}

K. Ueda and M. Yamazaki, Toric Calabi- Yau four-folds dual to Chern-Simons-matter
theories, JHEP 12 (2008) 04 [prXiv:0808.3768[;

M. Yamazaki, Octonions, G and generalized Lie 3-algebras, |Phys. Lett. B 670 (2008) 215
erXiv:0809.165(];

C. Krishnan and C. Maccaferri, Membranes on calibrations, JHEP 07 (2008) 005
erXiv:0805.3124];

T.L. Curtright, D.B. Fairlie and C.K. Zachos, Ternary Virasoro- Witt algebra,

666 (2008) 386 [prXiv:0806.3515].

S. Okubo, Triple products and Yang-Baxter equation. 2. Orthogonal and symplectic ternary
systems, UJ. Math. Phys. 34 (1993) 3292 [hep-th/9212059]; Introduction to octonion and
other non-associative algebras in physics, Cambridge University Press, Cambridge U.K.
(1995).

J.S. Conway and D.A. Smith, On quaternions and octonions, A.K. Peters Ltd., U.S.A. (2003).
E.G. Floratos and G.K. Leontaris, Octonionic self-duality for supermembranes, |[Nucl. Phys

B 512 (1998) 445 [hep-th/9710064].

[71]

[72]

73]

[74]

[75]

D.B. Fairlie, Moyal brackets in M-theory, IMod. Phys. Lett. A 13 (1998) 263
[hep-th/970719Q].

M. Ali-Akbari, M.M. Sheikh-Jabbari and J. Simon, The relazed three-algebras: their matriz
representations and implications for multi M2-brane theory, [JHEP 12 (2008) 037
[erxiv:0807.157(].

A.S. Cattaneo and G. Felder, A path integral approach to the Kontsevich quantization
formula, [Commun. Math. Phys. 212 (2000) 591|.

M. Rieffel, Projective modules over higher dimensional noncommutative tori, Canad. J. Math.
40 (1988) 257.

M. Axenides, E. Floratos and S.J. Nicolis, Quantization of linear Nambu flows and the
NC3-torus, prXiv:0901.263§

D.B. Fairlie, P. Fletcher and C.K. Zachos, Trigonometric structure constants for new infinite
algebras, |Phys. Lett. B 218 (1989) 204.

M. Axenides, E. Floratos and S.J. Nicolis, Quantum Nambu-Lie 3-algebras for S* and T3
branes, in preparation.

— 35 —


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB668%2C67
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB668%2C67
http://arxiv.org/abs/0806.4900
http://jhep.sissa.it/stdsearch?paper=08%282008%29076
http://arxiv.org/abs/0807.0812
http://jhep.sissa.it/stdsearch?paper=11%282008%29043
http://arxiv.org/abs/0807.4924
http://arxiv.org/abs/0807.5113
http://arxiv.org/abs/0807.5134
http://jhep.sissa.it/stdsearch?paper=12%282008%29045
http://arxiv.org/abs/0808.3768
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB670%2C215
http://arxiv.org/abs/0809.1650
http://jhep.sissa.it/stdsearch?paper=07%282008%29005
http://arxiv.org/abs/0805.3125
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB666%2C386
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB666%2C386
http://arxiv.org/abs/0806.3515
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JMAPA%2C34%2C3292
http://arxiv.org/abs/hep-th/9212052
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB512%2C445
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB512%2C445
http://arxiv.org/abs/hep-th/9710064
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=MPLAE%2CA13%2C263
http://arxiv.org/abs/hep-th/9707190
http://jhep.sissa.it/stdsearch?paper=12%282008%29037
http://arxiv.org/abs/0807.1570
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C212%2C591
http://arxiv.org/abs/0901.2638
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB218%2C203

